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Cactus groups associated with parabolic subgroups

• Lecture 1 : Why should we care about Cactus groups?

• Lecture 2 : What can we say about Cactus groups?
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Introduction and motivations
Braid groups

Cactus groups are closed to Braid groups, symmetric groups and RAA(C)G.
The braid group on n + 1 strands Bn+1 admits the following presentation〈

σ1, ... ,σn

∣∣∣∣ σiσj = σjσi for |i− j|> 2
σiσjσi = σjσiσj for |i− j|= 1

〉
(1)

σ1
σ3

σ
−1
2

σ
−1
1

σ2

σ1σ3 ≡ σ3σ1

σ1σ2σ1 ≡ σ2σ1σ2

σ1σ
−1
1 ≡ ε≡ σ

−1
1 σ1
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Cactus groups associated with parabolic subgroups
Symmetric groups

The Symmetric group on Sn+1 admits the following presentation

〈
s1, ... ,sn

∣∣∣∣ sisj = sjsi for |i− j|> 2
sisjsi = sjsisj for |i− j|= 1

si
2 = 1

〉
(2)

We have the exact sequence

1→ PBn+1→ Bn+1
Υ→Sn+1→ 1

Where PBn+1 is the pur braid group and σi is sent to Υ(σi) = si .
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Cactus groups associated with parabolic subgroups
Cactus groups

The Cactus group Jn+1 admits the following presentation

〈
τp,q;1 6 p < q 6 n + 1

∣∣∣∣ τp,qτm,r = τm,r τp,q for[p,q]∩ [m, r ] = /0

τp,qτm,r = τm′,r ′τp,q for[m, r ]⊂ [p,q]
τ2

p,q = 1

〉
(3)

where m′+ r = r ′+ m = p + q.
We have a diagram interpretation due to Mostovoy ([M])

We have an exact sequence : 1→ PJn+1→ Jn+1
θ→Sn+1→ 1.

Where PJn+1 is the pur cactus group and θ sends sp,q on
ωp,q = sp(sp+1sp) · · ·(sq−1 · · ·sp) . We have m′ = ωp,q(r) and r ′ = ωp,q(m)
(one reverses intervals).
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Cactus groups associated with parabolic subgroups
Cactus groups and coboundary categories

Definition
A (strict) monoidal category is a triple (C ,⊗, I) where C is a category and
⊗ : C ×C → C is an associative bifunctor with an identity object I.

Example
The category of sets can be turned into a monoidal categories using the
cartesian product or the disjoint union.

Example
The category of vector spaces on a field K can be turned into a monoidal
category using the direct product.
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Cactus groups associated with parabolic subgroups
Cactus groups and coboundary categories

Definition
A monoidal category (C ,⊗, I) is braided category if for any objects A,B there is
a given isomorphism σA,B : A⊗B→ B⊗A so that the following is commutative.

σ1 = σ·,·⊗ Id· and σ2 = Id·⊗σ·,·
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Cactus groups associated with parabolic subgroups
Cactus groups and coboundary categories

Proposition

Let (C ,⊗, I) be a braided category, for any objects A1, · · · ,An+1 of C and any
braid σ in Bn+1 there is a well defined isomorphism

σA1,··· ,An+1 : A1⊗A2⊗·· ·⊗An+1→ Aσ̂(1)⊗Aσ̂(2)⊗·· ·⊗Aσ̂(n+1)

with σ̂ = Υ(σ) so that

(σσ
′)A1,··· ,An+1 = σ

′
Aσ̂(1),··· ,Aσ̂(n+1)

◦σA1,··· ,An+1
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Cactus groups associated with parabolic subgroups
Cactus groups and coboundary categories

Definition
A monoidal category (C ,⊗, I) is a coboundary category if for any two objects
A,B there is a (fixed) isomorphism τA,B : A⊗B→ B⊗A so that τA,B ◦ τB,A = Id
and the following diagram is commutative.

F{ I e a.
/

- a e e - e <

\-<

C @ l-1 \

\-s e

E e - a §,
"1 <-\ e \§

Coboundary categories were introduced by Drinfel’d (1990) in its study of
coboundary Hopf algebras. They were associated to Crystal in [HK] .
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Cactus groups associated with parabolic subgroups
Cactus groups and coboundary categories
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Cactus groups associated with parabolic subgroups
Cactus groups and coboundary categories

Definition
Consider a coboundary category (C ,⊗, I) for 1≤ p < q ≤ n + 1 and objects
A1, · · ·An+1, we set

τ̃p,q,(A1··· ,An+1) = IdA1⊗···⊗Ap−1⊗ τAp,Ap+1⊗···⊗Aq ⊗ IdAq+1⊗···⊗An+1

from A1⊗·· ·⊗An+1 to
A1⊗·· ·⊗Ap−1⊗Ap+1⊗·· ·⊗Aq⊗Ap⊗Aq+1⊗·· ·⊗An+1

So τ̃1,2,A,B = τA,B : A⊗B→ B⊗A.

Definition
1 τp,p+1,∗ = τ̃p,p+1,∗ = Id⊗ τAp,Ap+1⊗ Id .
2 τp,q,∗ = τ̂p,q,∗ ◦ τp+1,q,∗ for q > p + 1.

τp,q,∗ : A1⊗·· ·⊗An+1→
A1⊗·· ·⊗Ap−1⊗Aq⊗Aq−1⊗·· ·Ap⊗Aq+1⊗·· ·⊗An+1

E. Godelle Cactus groups associated with parabolic subgroups Bielefeld - September 2024 - 1/2 11 / 26



Cactus groups associated with parabolic subgroups
Cactus groups and coboundary categories

Proposition ([HK])
we have

τp,q,∗τm,r ,∗ = τm,r ,∗τp,q,∗ for [p,q]∩ [m, r ] = /0;
τp,q,∗τm,r ,∗ = τm′,r ′,∗τp,q,∗ for [m, r ]⊂ [p,q];
τ2

p,q,∗ = 1.

Proposition

Let (C ,⊗, I) be a coboundary category. For any objects A1, · · · ,An+1 of C and
any cactus τ in Jn+1 there is a well defined (natural) isomorphism

τA1,··· ,An+1 : A1⊗A2⊗·· ·⊗An+1→ Aτ̂(1)⊗Aτ̂(2)⊗·· ·⊗Aτ̂(n+1)

with τ̂ = θ(τ) ∈Sn+1 so that

(ττ
′)A1,··· ,An+1 = τ

′
Aτ̂(1),··· ,Aτ̂(n+1)

◦ τA1,··· ,An+1
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Cactus groups associated with parabolic subgroups
Cactus groups and configuration space

Definition
Let Xn be the configuration space of n + 1 points on the circle, that on
RP1 = R∪{∞}.

Xn =

(
(P1)n+1 \∆

)/
PGL2(R)

Let Mn = M0,n+1(R) be the Deligne-Munford compactification of Xn.

Example
In M3
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Cactus groups associated with parabolic subgroups
Cactus groups and configuration space

An element of Mn is a circle that is
possibly degenerate with a finite set of
double points such that :

1 double points are distincts from
the marked points.

2 the graph of the components is a
tree.

3 the automorphism group of the
curve is trivial

4 on each component there is at
least three points which are either
marked or double.

'#r
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-+-
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Ô

\1

ïr
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^J\J

.<-
<t

A element of M7 : a cactus
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Cactus groups associated with parabolic subgroups
Cactus groups and configuration space
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Proposition
Mn is a smooth compact manifold of dimension n−2
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Cactus groups associated with parabolic subgroups
Cactus groups and configuration space

A cactus in M7 A planar graph in M7

A polygon with partial diagonal in M7

(123(4(56)7))

A polygon with partial diagonal in M7
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Cactus groups associated with parabolic subgroups
Cactus groups and configuration space

Proposition ([DJS])
1 π1(Mn) = PJn

2 for i ≥ 2, πi(Mn) = {1}
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Cactus groups associated with parabolic subgroups
Cactus groups and configuration space
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Cactus groups associated with parabolic subgroups
Cactus groups and Coxeter groups

Definition
A Coxeter graph Γ is a finite simple labeled graph (V ,E ,m) where the labeled
map m takes her values in {3,4, ...}∪{∞}. The associated Coxeter group WΓ

is defined by the following presentation with generating set V :

W =

〈
V

∣∣∣∣ s2 = 1 ; s ∈ V
sts · · ·= tst . . . ; {s, t} ∈ E and m(s, t) 6= ∞

〉
The length of an element of WΓ is the minima possible length of one of its word
representative on V .

Example
The Coxeter group associated with the linear graph with n vertices is the
symmetric group Sn+1. The associated Artin group is the braid group Bn+1.
The length of an element correspond to its number of inversions.

E. Godelle Cactus groups associated with parabolic subgroups Bielefeld - September 2024 - 1/2 19 / 26



Cactus groups associated with parabolic subgroups
Cactus groups and Coxeter groups

Proposition
When the Coxeter group WΓ is finite and irreducible (that Γ is connected), then

1 it possesses a unique element of maximal length ωV .
2 we have ωV Vω

−1
V = V and ω2

V = 1.

Example
In the symmetric group Sn+1, we have

1 ωV = s1(s2s1) · · ·(sn · · ·s1).
2 ωV si = sn+1−iωV .
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Cactus groups associated with parabolic subgroups
Cactus groups and Coxeter groups

Proposition

Consider the Coxeter group WΓ associated with Γ = (V ,E ,m).
For X ⊆ V, the subgroup WX of WΓ is a Coxeter group associated with the full
subgraph of Γ spanned by X : the morphism WΓX →WΓ,s ∈ X 7→ s ∈ V is into.

Proposition

For X ⊂ V we have ωV ωX ω
−1
V = ωY and ωV WX ω

−1
V = WY with ωV Xω

−1
V = Y

Example
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Cactus groups associated with parabolic subgroups
Cactus groups and Coxeter groups

Definition
Consider WΓ associated with Γ = (V ,E ,m). Let F be the set of not empty
subsets X of V so that WX is irreducible and finite. The cactus C(WΓ) is
defined by the presentation of group with F for generating set and the defining

relatiion :
(c1) c2

X = 1 ; X ∈ F
(c2) cX cY = cωX (Y )cX ; Y ⊂ X and ωX (Y ) = ωX Y ω

−1
X

(c3) cY cX = cX cY ; Y ∩X = /0 and WX∪Y not irreducible

Example

Jn is the cactus group C(Sn) associated with the symmetric group Sn.

Proposition
For any Coxeter group W, the map cX 7→ ωX induces an exact sequence

1→ PC(W )→ C(W )→W → 1
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Dual cactus groups

Definition
Let (W ,S) be a finite Coxeter system. By T denote its set of reflections. Fix a
Coxeter element c.

Then (W ,T ,c) is a dual Coxeter system. An element δ of W is parabolic
relatively to c if `T (w) + `T (w−1c) = `T (c).

Example
in the symmetric group Sn+1, the element s1 · · ·sn is a Coxeter element.
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Dual cactus groups

Proposition

Let t1 · · · tk = δ be a decompostion over T of a parabolic element δ with
k = `T (δ). Then

1 The subgroup Wδ of W generated by t1, · · · , tk depends on δ only.
2 (Wδ,T ∩Wδ,δ) is a dual Coxeter system.
3 δ = δ′ ⇐⇒ Wδ = Wδ′ .

There is a natural partial order on the set of parabolic elements relatively to c
and a notion of irreducible parabolic elements.
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Cactus groups associated with parabolic subgroups
Cactus groups and Coxeter groups

Question
1 What can be said about Cactus groups?
2 How far are they from Coxeter groups? Artin groups? RACG? Garside

groups?
3 Is there a notion of dual Cactus groups?

s1(s2s1) · · ·(sn · · ·s1)→ sn · · ·s1

S→ T
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Cactus groups associated with parabolic subgroups
Cactus groups and Coxeter groups

Answers : next talk
Thanks !
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