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Cactus groups associated with parabolic subgroups

e Lecture 1 : Why should we care about Cactus groups ?
e Lecture 2 : What can we say about Cactus groups ?
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Introduction and motivations
Braid groups

Cactus groups are closed to Braid groups, symmetric groups and RAA(C)G.
The braid group on n+ 1 strands B, 1 admits the following presentation

<G1,...,6n

o0 =00, for [i—j>2
6,00, = gic;0; for |i—j| =1

Ky YUK
$ 1] % 13

6,0, =e=0,"0c,
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Cactus groups associated with parabolic subgroups

Symmetric groups

The Symmetric group on &,1 admits the following presentation

<S1,...,Sn

We have the exact sequence

SiSjSi = §jS;S; for |i—j’ =1

SiSj = §;S;j for |i—j|>2>
S,‘2:1

Where PBp 1 is the pur braid group and ; is sent to T(c;) = s;.
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Cactus groups

The Cactus group J,+1 admits the following presentation

Tp.qTmr = TmTpq for[p,qN[m,r]=10
To.qTmr =Tm rTpgq  for[m,r] C[p,q] > (3)
2
— 1

<Tp,q;1 Sp<gsn+
Tog =

where ' +r=r'+m=p+aq.
We have a diagram interpretation due to Mostovoy ([M])

|- 10- U - i

9
We have an exact sequence : 1 — Pdpy1 — Jnt1 = Gppr — 1.
Where PJ,1 is the pur cactus group and 6 sends sp, 4 on
— / __ /
@p.q = Sp(Sp+15p) -+~ (Sg—1 -+~ 8p) - We have m'" = @y 4(r) and r' = wp 4(m)
(one reverses intervals).
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Cactus groups and coboundary categories

Definition
A (strict) monoidal category is a triple (C,®, /) where C is a category and
® : C x C — C is an associative bifunctor with an identity object /.

Example

The category of sets can be turned into a monoidal categories using the
cartesian product or the disjoint union.

Example

The category of vector spaces on a field K can be turned into a monoidal
category using the direct product.
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Cactus groups and coboundary categories
Definition

A monoidal category (C,®, /) is braided category if for any objects A, B there is
a given isomorphism G4 g : A® B — B® A so that the following is commutative.

_ , | BUE @ T
W\W@?M \ “/\’\’

o Tuw, VOW U .
H vy W y N —X & W QY
\ T o T
Té\v ® ":.;w‘ \ ! Wow® Tl u
v Tu WDV o N
. AL > W V@
A &) \\ >
\ ; >
\Y\a .Wffz\f‘_(\ V> WQ T _J;é'\ w G T ’ V
I = q )

61 =06..®Ild and 6> = ld R C..
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Cactus groups associated with parabolic subgroups

Cactus groups and coboundary categories

Proposition
Let (C,®,1) be a braided category, for any objects A1, -+ ,An+1 of C and any
braid ¢ in B4+ there is a well defined isomorphism

CAy, At AT @A R - @ Anty = As(1) @ Ag(2) @ - - ® Ag(nt1)

with 6 = T (o) so that

/ !
(GG )A17"' ,An+1 - GA&(1),'",A6(”+1) © GA17"'7An+1
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Cactus groups and coboundary categories

Definition

A monoidal category (C,®,/) is a coboundary category if for any two objects

A, Bthere is a (fixed) isomorphism T4 p: AQ B— B® Asothat tagotga = Id
and the following diagram is commutative.

ue Vo W — s Vo ug W

Coboundary categories were introduced by Drinfel’d (1990) in its study of

coboundary Hopf algebras. They were associated to Crystal in [HK] .
E. Godelle Cactus groups associated with parabolic subgroup: Bielefeld - September 2024 - 1/2 9/26



Cactus groups associated with parabolic subgroups
Cactus groups and coboundary categories

/ 2 ((yw,w) - (V, (4w)
B /
/ /7 \ \x \ \
/’ (W v), W) ( W/(v/ W) N\
L

. (V/ (W (4))
(y tv,w)
W

|
‘>( (V)w)/ (ﬂ)
(v(wv)) \ \Z

(4 90) = by w),v) —(
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Cactus groups and coboundary categories
Definition

Consider a coboundary category (C,®, /) for 1 < p < g < n+1 and objects
Aq,-- 'An+1s we set

0.0, (A1 Anpr) = 10428, 1 OTAp Apy 1008 © Idag, 00

from A1 ® - @ Apyq to
AR RAr 1QA 1R QATRA, QA1 Q- ® Antq

SoT1248="Tap:ARB—BXA.
Definition
Q Tt =Tppt1 =10 Ta 0, ®Id.
Q Tpg+ =7pgOTpt1,9x fOrg>p+1.

Tp7q7* A1 ® M ®An+1 _>
AR QA1 ®AGRAG 1 R Ap @ Ag1 @ -+ @ Apya
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Cactus groups and coboundary categories

Proposition ([HK])

we have
Tp7q7*’cm7r7* = Tm7r7*1p7q7* for [p’ q] m [m’ r] = 0’
Tp7q7*rm7r7* = Tmlyrlv*rpaq)* for [m’ r] C [p7 q];
2 —
Tpvq:* — 1' )
Proposition

Let (C,®,1) be a coboundary category. For any objects Aq,--- ,An+1 of C and

any cactus T in Jo11 there is a well defined (natural) isomorphism
Thr Ay - AL @A ® - Q@ Anp1 = Ag(1) @ Az(2) @ - - Q@ Ag(nr1)

withT = 6(t) € Sp41 so that

/ 4
(TT )A1 )t 7An+1 - TA‘T:(I)"" 7A%(n+1) © TA1 ) :An+1
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Cactus groups and configuration space

Definition

Let X}, be the configuration space of n+ 1 points on the circle, that on

RP' = RU {co}.
X, = ((JP>1)f'+1 \A) / PGL,(R)

Let M, = My n+1(RR) be the Deligne-Munford compactification of Xj,.

Example
In M3 9
A 1 2 &
W \ A 7~ 3
{::jhjj:>7 i::_;‘i. ,} :‘ _'“,4;
— -
4 E 4 3 b 1
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Cactus groups associated with parabolic subgroups

Cactus groups and configuration space

An element of M, is a circle that is .
possibly degenerate with a finite set of {% P
double points such that : N Y 2N |
% &
@ double points are distincts from
the marked points.

.

@ the graph of the components is a
tree.

@ the automorphism group of the
curve is trivial

© on each component there is at
least three points which are either
marked or double.

A element of My : a cactus
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Cactus groups and configuration space

Cactus groups associated with parabolic subgroups

3

3 9
i 1 OQ/L
O
4%
9

9

(6]

Proposition

M, is a smooth compact manifold of dimension n— 2

E. Godelle
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Cactus groups and configuration space

2 4 5
1 1 2 4
3 3
0 0 5
6 6
A cactus in My A planar graph in M7
(1 23(4(56)7))

A polygon with partial diagonal in Mz ' A polygon with partial diagonal in M

o = = = 9ac
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Cactus groups associated with parabolic subgroups
Cactus groups and configuration space

Proposition ([DJS])

0 T (Mn) = PJn

Q fori>2, m(M,) = {1}

€ Js

1
] 0 1 e} 3 E)
A 2 a
() = 00001
4 3 [) 3 4 1 4 1
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Cactus groups associated with parabolic subgroups

Cactus groups and configuration space
o A 5 1 R i 5 .
I > bé
P . o AL ’
Oz — L ==
b 3 b F :

(01286) 5 (ot ed4) = [ofp2fs) — [03214)

[m] =l = =

i

S
yel
Q
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Cactus groups and Coxeter groups

Definition

A Coxeter graph [ is a finite simple labeled graph (V, E, m) where the labeled

map m takes her values in {3,4,...} U{e}. The associated Coxeter group Wi
is defined by the following presentation with generating set V :

w=(v

The length of an element of Wt is the minima possible length of one of its word
representative on V.

sts---=tst... ; {s,t} € Eand m(s,t)#

Example

The Coxeter group associated with the linear graph with n vertices is the
symmetric group &,11. The associated Artin group is the braid group B, 1.
The length of an element correspond to its number of inversions.

o’
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Cactus groups associated with parabolic subgroups
Cactus groups and Coxeter groups
Proposition

When the Coxeter group Wr is finite and irreducible (that I" is connected), then
@ it possesses a unique element of maximal length ®y,.
Q we have oy Vo, =V and ®2 = 1.

Example

In the symmetric group &1, we have
Q@ ov=si(s281) - (sn " 51).
Q wys; = sp1-i0y.

Si 57_ S'rn—u Sm
\_jwr
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Cactus groups associated with parabolic subgroups

Cactus groups and Coxeter groups

Proposition

Consider the Coxeter group Wr associated with T = (V, E, m).

For X C V, the subgroup Wy of Wr is a Coxeter group associated with the full
subgraph of I spanned by X :the morphism Wr, — Wr,s € X — s € V is into.

Proposition

For X C V we have oywx®,' = @y and oy Wxw,' = Wy withoyXw®,' =Y

Example
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Cactus groups and Coxeter groups
Definition
Consider W associated with I = (V, E, m). Let F be the set of not empty

subsets X of V so that Wy is irreducible and finite. The cactus C(Wr) is
defined by the presentation of group with F for generating set and the defining

(cl) c&=1 . X€EF
relatiion : (c2) CcxCy = Cey(v)Cx ; Y C Xand ox(Y)=0xYoy'
(c8) cycx =cxcey ;YN X=0and Wyxyy not irreducible

Example

Jn is the cactus group C(&,) associated with the symmetric group &,.

Proposition
For any Coxeter group W, the map cx —> Wy induces an exact sequence

1— PC(W) — C(W)— W —1

4
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Dual cactus groups

Definition
Let (W, S) be a finite Coxeter system. By T denote its set of reflections. Fix a
Coxeter element c.

Then (W, T,c) is a dual Coxeter system. An element d of W is parabolic
relatively to c if /7(w)+¢r(w™'¢) = £1(c).

Example
in the symmetric group &1, the element s, - - - s, is a Coxeter element.
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Dual cactus groups

Proposition
Lett, -- -t = & be a decompostion over T of a parabolic element & with
k = {7(3). Then
@ The subgroup Ws of W generated by t;,- - - , tx depends on & only.
Q (W;, TN W;,9) is a dual Coxeter system.
Q=0 = Wy;=Wy.

There is a natural partial order on the set of parabolic elements relatively to ¢
and a notion of irreducible parabolic elements.
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Cactus groups and Coxeter groups

Question
@ What can be said about Cactus groups ?

@ How far are they from Coxeter groups ? Artin groups ? RACG ? Garside
groups ?
© /s there a notion of dual Cactus groups ?

S1(s251) -+ (Sn"-81) = 8n- - 81

S—>T
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Cactus groups and Coxeter groups

Answers : next talk
Thanks'!

E. Godelle Cactus groups associated with parabolic subgroup: Bielefeld - September 2024 - 1/2 26/26



